A connected graph Γ is said to be distance-balanced whenever for any pair of adjacent vertices u, v of Γ the number of vertices closer to u than to v is equal to the number of vertices closer to v than to u. In [Bipartite graphs with balanced (a, b)-partitions, Ars Combin. 51 (1999), 113-119] Handa asked whether every bipartite distance-balanced graph, that is not a cycle, is 3-connected. In this paper the Handa question is answered in the negative. Moreover, we show that a minimal bipartite distance-balanced graph, that is not a cycle and is not 3-connected, has 18 vertices and is unique. In addition, we give a complete classification of non-3-connected bipartite distance-balanced graphs for which the minimal distance between two vertices in a 2-cut is three. All such graphs are regular and for each k ≥ 3 there exists an infinite family of such graphs which are k-regular.
Introduction
Throughout this paper, all graphs are connected, finite, undirected, without loops and multiple edges. Given a graph Γ let V (Γ) and E(Γ) denote its vertex set and edge set, respectively. For u, v ∈ V (Γ) we denote the distance between u and v by d(u, v). Furthermore, for any nonnegative integer i and u ∈ V (Γ) let N i (u) = {v ∈ V (Γ) | d(u, v) = i} (we abbreviate N(u) = N 1 (u)). For W ⊆ V (Γ) the subgraph of Γ induced by W is denoted by W (we abbreviate Γ − W = V (Γ) \ W ). A vertex cut of Γ is a set W ⊆ V (Γ), such that Γ − W is disconnected. (A vertex cut of size k is called a k-cut.)
A graph is called k-connected if it has at least k + 1 vertices and the size of the smallest vertex cut is at least k.
For any pair of vertices u, v ∈ V (Γ) we define W uv by
A connected graph Γ is said to be distance-balanced whenever for any pair of adjacent vertices u, v ∈ V (Γ) we have |W uv | = |W vu |.
Distance-balanced graphs have been extensively studied, see [1, 3, 4, 5, 6, 7, 8] . It was shown in [3, Lemma 2.1] that every distance-balanced graph is 2-connected. In the same paper (see also [5] ), Handa asked the following question.
Question 1.1 (Handa [3]) Is every bipartite distance-balanced graph, that is not a cycle, 3-connected?
In [3] , the positive answer to the above question was obtained for the family of distance-balanced partial cubes. (In the last section of the paper we give an alternative proof of this result.) Motivated by the above question, we investigate the structural properties that a bipartite distance-balanced graph, which is not 3-connected and not isomorphic to a cycle, must have. It turns out that the conditions on such graphs are quite restrictive. In fact, they enable us to answer the Handa question in the negative. Moreover, using these results we give a complete classification of non-3-connected bipartite distance-balanced graphs, for which the minimal distance between the vertices in a 2-cut is three. It turns out that all such graphs are k-regular for some k ≥ 3, and that for every such k there is an infinite family of such graphs, one of order 2kℓ for each odd ℓ ≥ 3 (see Theorem 3.7). We also show that the smallest non-3-connected bipartite distancebalanced graph that is not a cycle is unique and belongs to this family for k = 3 with ℓ = 3 (its order is thus 18). In contrast, we show that every bipartite strongly distancebalanced graph that is not a cycle is 3-connected (see Section 5 for the formal definition of strongly distance-balanced graphs).
Throughout the paper we are using some of the results from [3] . For the sake of self-containment we gather these results in the following proposition. (ii) If Γ is not a cycle, then the minimal degree of Γ is at least 3.
(iii) Assume Γ is not 3-connected. Among all pairs of vertices x, y ∈ V (Γ) such that Γ−{x, y} is disconnected pick a pair a, b for which d(a, b) is minimal. Then Γ−{a, b} has exactly two components.
(iv) Let x, y be a pair of adjacent vertices of Γ and let u ∈ W xy and v ∈ W yx . If u and
For the rest of this paper we make the following assumptions and adopt the following notational convention. Convention 1.3 Let Γ denote a bipartite distance-balanced graph that is not a cycle and that is not 3-connected, and let n denote its order. Since Γ is not 3-connected it has a 2-cut (recall that Γ is 2-connected by Proposition refhanda). Among all 2-cuts pick a 2-cut {a, b} for which d(a, b) is minimal. By Proposition 1.2 we have that d(a, b) ≥ 2 and Γ − {a, b} has exactly two components. Denote these two components by Γ 1 and Γ 2 (see Figure 1 ). Note that, since Γ is bipartite, we have V (Γ) = W uv ∪ W vu for any pair of adjacent vertices u, v ∈ V (Γ). In particular, n is even and |W uv | = |W vu | = n/2. 
Good and bad vertices
Let Γ be as in Convention 1.3. In this section we introduce the notion of good and bad vertices of Γ. As we show below, one of the two components Γ 1 and Γ 2 coincides with the set of all bad vertices while the other, together with a and b, coincides with the set of all good vertices. A vertex c ∈ V (Γ) is called good if it lies on some shortest a-b path of Γ. The vertices which are not good are called bad. First we make the following observation, which will be extensively used in the rest of the paper (without explicit reference to it).
Proof. Since Γ − {a, b} is disconnected, every shortest path from x to y passes either through a or through b.
Lemma 2.2 Let Γ be as in Convention 1.3. If there is a bad vertex in
Proof. Without loss of generality we can assume that Γ 1 contains a bad vertex v. Moreover, since Γ 1 is connected by Proposition 1.2(iii), we can further assume that v ∈ N(w) for some good vertex w ∈ Γ 1 ∪ {a, b}. Note that since Γ is bipartite, we have that Without loss of generality we can assume that this holds for Γ 2 . Now, suppose that x ′ ∈ Γ 1 is a good vertex. Then there also exists a good vertex x ∈ N(b) ∩ Γ 1 . Let Z be the set of vertices z of Γ 1 , for which at least one shortest z-a path of the subgraph Γ 1 ∪ {a, b} passes through b. Observe that Γ 2 ∪ Z ∪ {b} ⊆ W bx . Let B 1 = N(a) ∩ Γ 2 and pick y ∈ B 1 . Since x and y are both good vertices, we have that d(a, x) = d(b, y), and so
implying that |B 1 | = 1. This contradicts the minimality of d(a, b).
The above corollary and lemma enable us to make the following convention for the rest of the paper. 
The main results
Let Γ be as in Convention 2.5. In this section we show that d(a, b) ≥ 3 and give a complete classification of the graphs Γ for which d(a, b) = 3. We first show that every x ∈ B 1 and every y ∈ B m lie on a common shortest a-b path of Γ. 
Note that, by Corollary 2.3, it suffices to prove that y ∈ T 2 .
Suppose to the contrary that y / ∈ T 2 . We show that in this case T 2 ⊆ W by . Indeed, let z ∈ T 2 and let i be such that z ∈ B i . Then Corollary 2.3 implies that d(z, b) = m − i + 1. On the other hand d(z, y) = m − i + 2, since otherwise y ∈ T 2 . Of course, T 1 ∪ {b} ⊆ W by , and so
Now, since a has at least one neighbor in Γ 1 (which, of course, does not belong to T 1 ), there exists at least one vertex w ∈ Γ 1 \ T 1 , adjacent to some vertex v ∈ T 1 . By (1) we
contradicting w ∈ W yb . Hence, y ∈ T 2 as claimed. For the rest of this section we introduce the following notation. Let Γ be as in Convention 2.5. Assume that in addition every vertex of Γ 1 lies on some shortest a-b path of the subgraph Γ 1 = Γ 1 ∪ {a, b} . Then the vertex set of Γ 1 can be partitioned into t + 2 sets
, where t + 1 is the distance between a and b in Γ 1 , and
Lemma 3.4 Let Γ be as in the above paragraph and assume in addition that
Then the following hold: Proof. That t is even is clear as Γ is bipartite. Since Γ 1 contains no good vertices, this immediately implies t ≥ 4. (v) The case t = 8 is covered by (iii) above. We can thus assume that t ≥ 10. Pick adjacent vertices v ∈ D t/2+3 and w ∈ D t/2+4 . Observe that, by (iv) above, we have 
In other words, the graph W (m, ℓ) is obtained from the cycle of length 4ℓ by replacing every second pair of vertices by a complete bipartite graph K m,m , see Figure 3 .
Theorem 3.6 Let m ≥ 2 and ℓ ≥ 3 be integers. The graph W (m, ℓ) is bipartite and not 3-connected. Moreover, it is distance-balanced if and only if ℓ is odd.
Proof. That W (m, ℓ) is bipartite and not 3-connected is clear from the construction. To show that W (m, ℓ) is not distance-balanced in the case when ℓ is even one only needs to observe that the edges of the form {(4i, j 1 ), (4i+ 1, j 2 )} and {(4i+ 2, j 1 ), (4i+ 3, j 2 )} are "non-balanced". To show that W (m, ℓ) is distance-balanced when ℓ is odd first observe that the automorphism group of W (m, ℓ) has three orbits on the edge set, the orbit of {(0, 1), (1, 1)}, the orbit of {(1, 1), (2, 1)} and the orbit of {(3, 1), (4, 1)}. To check that each of these three edges is "balanced" is an easy exercise. Proof. Assume that Γ is not a cycle and note that in this case Γ satisfies the assumptions of Convention 2.5. Pick x ∈ B 1 , y ∈ B 2 . By Lemma 3.1 we have that B 1 = N(y) \ b and
Observe that for any w ∈ X every shortest w-x path of Γ passes through b. Hence w ∈ W by , implying that X ∩ Y = ∅. Moreover, no vertex of X is adjacent to some vertex of Y . Namely, if w ∈ X is adjacent to v ∈ Y then w ∈ W yx and v ∈ W xy , and so Proposition 1.2(iv) implies
we have that W xa ∪ W yb = V (Γ) \ Z. As W xa ∩ W yb = {x, y}, we thus have that
and so |Z| = 2. 
Observe also that, since Γ \ {a,ỹ} and Γ \ {b,x} are disconnected, we have
Claim 2: every vertex of Γ 1 lies on some shortest a-b path in the subgraph
Suppose that there is a vertex u ∈ X which does not lie on such a path. Since Γ 1 is connected we may assume that there is a neighbour w of u which does lie on such a path. But since Γ is bipartite we now have W uw ⊆ X \ {w}, implying that n/2 = |W uw | ≤ |X| − 1 < |X|, which, by (2) (ii) t is divisible by 8 and
It is now clear that Γ is isomorphic to the graph W (m, ℓ), where m = |B 1 | and ℓ = t/4 + 1. (ii) Let xy be a vertical edge, where x is the upper and y the lower vertex of xy. Let
Then
with the agreement that B j = ∅ for j < 0 and j > m + 1.
Proof. Suppose finally that 0 ≤ j ≤ m. Pick u ∈ B j and v ∈ B j+1 . Similarly as above we show that u ∈ W xy , while v ∈ W yx . It follows that B i ⊆ W xy for 0 ≤ i ≤ j and B i ⊆ W yx for j + 1 ≤ i ≤ m + 1. This completes the proof.
Applications
In this section we give two applications of the results from the previous sections. In particular, we show that if we restrict either to the family of bipartite strongly distancebalanced graphs or to the family of distance-balanced partial cubes, the answer to the Handa question 1.1 is affirmative. Note that the result for distance-balanced partial cubes was already obtained by Handa [3] -here we give an alternative proof.
Directions for future research
Although the Handa question has now been answered, there are still numerous possibilities for further research. In this section we propose some of the questions and problems that we believe are worth considering. We continue to use the notation from Convention 2.5.
In view of the fact that Theorem 3.6 and Theorem 3.7 give a complete classification of the graphs with d(a, b) = 3, the first natural question is the following. In the case that the answer to the above question is positive, the following problem should be considered.
Problem 6.2 Classify the bipartite, non-3-connected distance-balanced graphs.
If this problem turns out to be to difficult to solve in general, one could restrict to particular families of bipartite graphs (such as in Theorems 5.1 and 5.2).
The next direction one should try to pursue is the investigation of the connectivity of non-bipartite distance-balanced graphs (recall that, by Proposition 1.2, such graphs are at least 2-connected). Of course, a complete classification of all non-3-connected distancebalanced graphs seems out of reach in view of the above problem. One should thus first try to generalize the results of [3] and this paper to non-bipartite graphs.
